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INTRODUCTION 
Due to more intensive use of civil and military aircraft there are growing demands 
for accurate and reliable methods in non-destructive testing. One of the areas receiving 
specific attention is the detection and characterisation of corrosion [1]. The study 
presented here is concerned with the scattering of ultrasound waves from an isolated 
corrosion pit on the remote side of a thick aluminium plate. The corrosion pit is 
represented by a three-dimensional hemispherical surface indentation of radius a in an 
elastic half-space, and the wave field generated by an ultrasonic transducer is assumed to 
be a time harmonic plane wave incident on to the surface feature at an arbitrary angle, see 
Fig. 1. The scattering problem is solved by means of a boundary method, and the surface 
displacements in the vicinity of the scatterer and the scattered far-field components are 
represented for compressional waves incident at 60 degrees and shear waves normally 
incident on to the surface obstacle. The diameter of the surface indentation can vary 
between the fraction of a wavelength and two wavelengths. The results shown here were 
calculated for 2a I A= 0.5 and 1.0. 
stress free surf~ce 
-
incident plane wave 
Fig.l . Time harmonic plane wave incident at angle a on to a hemispherical surface 
indentation in a half-space 
Review of Progress in Quantitative f\iondesrruclive Evaluation, Vol. 9 
Edited by D.O. Thompson and D.E. Chimenti 
Plenum Press, New York, 1990 
53 
MATIIEMATICAL ME1HOD 
The boundary method employed here originates in geophysics [2], where it is 
used to simulate movements of the earth's crust under the influence of earthquakes 
waves. The incident and reflected plane waves in an unperturbed half space are expanded 
in terms of spherical vector functions [3], and the scattered wave field due to the surface 
disturbance is superimposed as a series of spherical vector functions with unknown 
coefficients. These coefficients are determined by imposing the boundary conditions -
vanishing normal stress components along the perturbed surface - via a least squares 
matching method [ 4]. 
The time harmonic elastic wave equation can be written as 
(A.+ 211) grad div u - ll curl curl u + p ro2 u = 0 
Employing the Helmholtz theorem 
u = grad q> + curl A 
leads to two separate wave equations: 
- scalar wave equation 
(2a) 
(3a) 
(3b) 
div A= 0 
- vector wave equation 
(1) 
(2b) 
(4a) 
(4b) 
where the scalar wave equation describes compressional wave motion and the vector 
wave equation describes shear wave motion. In spherical coordinates it is possible to 
split the vector potential under restriction (2b) into two scalar potentials, both solutions to 
the scalar wave equation [3] 
(Sa) 
Now equation (2a) can be written as 
u= L(kp,r,S,<!>)+ M(k,,r,S,<!>)+ N(k,, r,e, <!>) 
where L, M and N are the so-called Hansen vectors defined as 
L ( k P' r, e, <I>) = grad q> ( k P' r, e, <I>) 
'M (k., r, e, <!>) =curl ( r"' (k., r, e, <!>) e,) 
= grad (r 'If) X e, 
~ ( ) 1 ~ N k., r, 8, <!> = k;" curl curl (r X (k,, r, 8, <!>) e,) 
1 CX:rX) ~ 
= ~ grad ~ + k, r X e, 
with e r denoting the unit vector in radical direction 
(5b) 
(6) 
(7) 
(8a) 
(8b) 
(9a) 
(9b) 
The scalar potentials q>, 'I' and X are solutions to the scalar wave equation in 
spherical coordinates. It is therefore possible to write the potentials as an infinite series 
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- n o 
<p(kP,r,8,cJ>)=L L L acr,m,nVcr,m,n(kp,r,8,cJ>) (lOa) 
n=O m=O a=e 
- n o 
'l' (k., r, 8, <l>) = L L L bCI,m, n v cr, m, n (k., r, 8, <l>) (lOb) 
n=O m=O Q';;e 
- n o 
x(k.,r,8,cJ>) =:L L L cCI,m,n vCI,m,n(k.,r,8,cJ>) (lOc) 
n=O m=O a=e 
V •. m, n (k, r, 8, $) = zn(kr) P:(cos 8) cos(m<P) 
V o,m, n (k, r, 8, <!>) = z"(kr) P:(cos 8) sin (m<!>) 
with the following meaning for the subscripts: 
'a ' : index for the azimuth dependence 
'e' :even azimuth dependence 
'o' : odd azimuth dependence 
'm' : order of solution in the azimuth direction 
' n' : order of solution in the colatitude direction 
zn is a spherical Bessel function of type one, two or three and order n 
P: is the associated Legendre Polynomial of order (n, m). 
(11a) 
(llb) 
It is now possible to write the solution to the time harmonic elastic wave equation as an 
infmite series 
- n o 
u(r,8,<P)=L L L acr,m,nLCJ,m,n(kp,r,8,<P)+ 
n=O m=O O'=e 
- n o L L L bcr. m, n Mcr. m,n (k., r, 8, <!>) + 
n=O m=O CJ=e 
- n o L L L Ccr,m,nNcr,m,n(k.,r,8,<P) 
n=O m=O O'=e 
with the vector functions L, M and N as defined above. 
The spherical vector functions L, M and N can easily be implemented on a 
computer. If the coefficients a0 , m. n. bcr, m. nand c0 , m. n in expansion (12) are 
(12) 
known for a given elastic wave scattering problem, the displacement vector u can be 
computed everywhere. It is, for example, possible to expand a vectorial plane wave of 
arbitrary polarisation. In this case the coefficients can be determined analytically [3]. An 
expansion of stress components associated with elastic wave motion can also be written 
down. Its form is equivalent to (12), details can be found in [5]. For numerical reasons 
the infinite series (12) has to be truncated. 
In order to study the scattering process from an indentation in an elastic half space 
with stress-free surface along the x axis the problem is split into two parts. The total 
displacement can be regarded as the displacement from an ideal elastic half-space with 
superimposed components representing the scattering object 
... ... ... 
U total = U halfsp + U scatter (13) 
The reflection of elastic plane waves from a plane stress-free surface is a straightforward 
algebraic problem, and the displacement and stress components for incident waves with 
arbitrary polarisation are easily determined. 
The elastic displacement and stress components due to the scattering object are 
assumed as given through the expansion (12) with unknown coefficients acr, m. n. bcr.m, n 
55 
and ca, m, n. The coefficients are now determined with the following method (point 
matching or collocation method) : Along the surface of the perturbed half space the normal 
stress components have to vanish, this is the definition of a stress-free surface. In order 
to achieve this, the normal stress components due to !:!Q!h the half space i!llil the scattering 
object are computed along the surface of the perturbed half space at regular intervals, see 
Fig. 2. The sum of each normal stress component due to the half space plus the 
corresponding stress component due to the scatterer has to be zero at the sampling points 
(as ideally it should be everywhere on the surface) : 
g I · ii = rg I + ,g I ] · ii = o 
total I i l halfsp S t scatter S I 
(14) 
where ii is the normal to the surface and Si is a sampling point on the surface. If the 
number of sampling points is equal to the number of unknown coefficients in the 
expansion for the scattered field, a system of linear equations results which determines the 
coefficients. It is possible to do better by choosing the number of sampling points much 
greater than the number of unknown coefficients in the expansion. The coefficients can 
then be determined via a least squares method, i.e. minimising the error residual at the 
sampling points. 
The surface perturbation is axisymmetric with respect to the z axis and is therefore 
independent of the azimuth coordinate <j>. This allows a Fourier expansion of the incident 
and scattered wave fields with respect to the (spatial) variable<!> in the interval [0, 27t] and 
individual treatment of each Fourier component with subsequent superposition. 
RESULTS 
The computer program was checked against published results for the near-field 
displacements [2, 6] and gives excellent agreement. The results shown here were 
obtained for a hemispherical surface indentation in a half-space made of aluminium (V= 
0.34). Fig. 3 shows the surface displacements in the vicinity of the surface disturbance 
for a compressional plane wave incident at 60 degrees with the wave vector located in the 
x-z plane. The diameter of the hemisphere is half of a compressional wavelength. From 
the far-field radiation plots for the same case in Fig. 4 it can be seen that some energy is 
reflected back into the bulk material, but most of the energy is mode-converted into a 
Rayleigh wave. The amplitude of this surface wave is largest in the direction of the 
incident wave. Fig. 5 gives the far-field displacements for a hemispherical surface 
obstacle with a diameter of one compressional wavelength and all other parameters as 
before. The maximum in Fig. 5 is 3.88 times the maximum of Fig. 4. It can clearly be 
seen that very little energy is now scattered back into the bulk of the material and virtually 
all the scattered energy is converted into a Rayleigh wave travelling along the surface in 
the direction of incidence. 
stress free surface 
z 
Fig. 2 . Sampling path indicating the collocation points in the x-z plane 
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Fig. 3 . Surface displacements for a P wave incident on to a hemispherical surface 
disturbance at 60 degrees and 2a I A.P = 0.5. Thirteen basis functions were 
used in the expansion. Left : x-z plane, right : y-z plane. 
Tht'la = 
Thela = - p1 1 2 r-,.,-~.--,----::....,----;r-.--::,...,,..----, P1 1 2 
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Fig. 4 . Far field displacements for a P wave incident on to a hemispherical surface 
disturbance at 60 degrees and 2a I Ap = 0.5. Thirteen basis functions were 
used in the expansion. Left : x-z plane, right : y-z plane. 
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ThPla = 
ThPla = 
- PI I 2 
- PI I 2 ,--.,..--,-_,.....,._._,-,----,---, PI I 2 
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Fig. 5 . Far field displacements for a P wave incident on to a hemispherical surface 
disturbance at 60 degrees and 2a I A.p =1.0. Sixteen basis functions were 
used in the expansion. Left : x-z plane, right : y-z plane. 
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Fig. 6 . Surface displacements for a SV wave normally incident on to a hemispherical 
surface disturbance and 2a I A.sv = 0.5. Eleven basis functions were used in 
the expansion. Left : x-z plane, right : y-z plane. 
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Fig. 7 . Far Field displacements for a SV wave normally incident on to a hemispherical 
surface disturbance and 2a I Asv = 0.5. Eleven basis functions were used in 
the expansion. Left : x-z plane, right : y-z plane. 
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Fig. 8 . Far field displacements for a SV wave normally incident on to a hemispherical 
surface disturbance 2a I Asv = 1.0. Thirteen basis functions were used in 
the expansion. Left : x-z plane, right : y-z plane. 
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The results shown in Fig. 6 to Fig. 8 lead to similar conclusions for the case of a shear 
wave normally incident on to the hemispherical surface disturbance. The maximum in 
Fig. 8 is 1.78 times the maximum of the previous plot. The wave components scattered 
into the bulk material appear to be stronger due to the normalisation with respect to the 
incident wavelength (here the shear wavelength). An interesting observation is that in the 
far field the scattered S wave components (Theta and Phi components) are stronger than 
the scattered P wave component (R component) for an incident SV wave as well as for an 
incident P wave. Due to the finite number of spherical vector functions employed to 
represent the scattered field it is impossible to model a Rayleigh wave accurately. This is 
only possible with an infinite number of vector functions. However, by including surface 
wave terms explicitly in (12) a proper account of surface waves should easily be possible. 
CONCLUSIONS 
The results obtained with the boundary method presented above demonstrate its 
effectiveness for simulating three-dimensional elastic wave scattering from indented plane 
stress-free surfaces. The ratio of diameter of the surface disturbance to incident 
wavelength can vary from 2aA = 0.25 up to 2aA = 2.0, and far-field radiation diagrams 
as well as plots of the surface movements in the vicinity of the indentation can be 
generated. The shape of the surface disturbance is not restricted to hemispherical 
obstacles, work carried out on the scattering from non-hemispherical axisymmetric 
surface features is reported in [7]. 
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